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We consider a problem of constructing a control which would bring a nonlinear system to a 
given motion. 

1. Let us describe the behavior of a system of automatic control by means of differential 
equations of perturbed motion 

dxl dt = Ax + f (x) + bu (1.11 

where x is an n-dimensional phase coordinate {r, 1 vector of the object; u(r) is a scalar func- 

tion describing the action of control; A in an n 2 matrix {u,~ ); b is an n-dimensional vector; 

f(x) is an a-dimensional vector function of coordinates and f(0) = 0. 
We assume that this function satisfies, over the whole phase space x, the Lipshits con- 

dition 

I fj (x)'2' - fi (2p) I < L 11 .(zj - d1) 11 (1.21 

Here and in the following we use the notation 

11 2 11 = (x12 + -. . + xn2p 
Let us consider the following problem. To find, for a given initial point x0, a control 

II (tl which would bring the system (1.1) to a given unperturbed motion z = G in time T. 

Solution of this problem is not unique. We shall seek a control which, for small initial 
perturbations, is almost optimal provided that 

T 

J (u) = max max, 1 u(T) 1, Y 
s 

[ u (z) I dz = min 

0 

(VT > 1) (1.31 

The problem of damping of a system of the first approximation 

dx/dt = Ax+ bu (1.4) 
under the condition that it is full 

ter of the control (1.3). in [2 to Y 

controllable [l] was considered, together with the charac- 

4 , In [S] an estimate was obtained of admissible initial de- 
viations of the system (1.4), for which optimal control is possible. An estimate of its modu- 
lus with an upper bound H, is of the form 

II 416ffdV~ (a = const) (1.51 

2. Let us describe an iterative process of solving our problem. We consider the following 

Eq.: 
T 

z=q+ F(-~)f(z(z))dt 
s 

0 

(2.11 

Here the integrand is calculated along a trajectory of (1.11 for the initial point ‘co. The 
trajectory is generated by a control u (71 which satisfies Eq. 

T 

o=z+ 
s 

F (- z) bu (z) dz (2.21 
0 
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Here F (7) is the fundamental matrix of solutions of the homogeneous system (1.4). 
We shall solve (2.1) usin8 the method of consecutive approximations. Let us take x = xo 

and a,o(T)= u’(T) where u (7) is an optimal control of (1.4) (in the sense of (1.3)) calcu- 
lated for x0, as zero approximation. Control so(~) satisfies (2.2). Eq. (2.1) yields 

T 

Q=zo+ F(-Qf(z”(z))dr 
s 

(2.3) 
0 

Control uX1 (t) is given by 

s, 09 = “x# fx) + J.1 (x1 (2.4) 

where x t(~f is the optimal control of the &tear system (1.4) (in the sense of (1.3)) for the 
initial position z (0) = 1; t - xo. At the same time, control (2.4) satisfies the relation 

T 

o = z1 + 
s 

F (- 2) bu,, (z) dz 

Extending this process we find xa_t ‘and s xn_t (7). Next approx~ation is then given by 

T 

xu = xo + 
s 

F (-xl f (x(+ (z)) dz, ucc, = xXn_l (z) + h, (zl) (2.5) 
0 

where h, (7) is the optimal control of (1.4) for the initial position x (0) = x,, - ~o.~. Aim, 
T 

O=xn + F(-z)bu,n(z)dr s 
0 

(2.6) 

If the given iterative process converges, then E . (2.1) with the condition (2.2), has a 
solution x* and U+(T). Combining the relations (2.1 ‘I and (2.2) written for these values we 
find that the control u*(r) takes the nonlinear system (1.1) from the point xo into the coor- 
dinate origin in time T. 

3. In this section we shall discuss the conditions of convergence of the iterative pro- 
cess constructed in Section 2. The method used to constrnct successive approximations to- 
gether with the inequality (1,5), lead to the following inequalities: 

T 

s 124 -u 
%I xn_lId~~Tll~n-x,-ll~ (r = const) 

n 

(3.1) 

From (2.5) and (3.1), using the fundamental inequality of the pure theory of differential 
Eqs. in [6], we obtain 

or 
jlx, -x,-t 11 d (NL)“-l II x1 - zo II (3.2) 

Also, we have 

(3.3) 

Suppose now that 
NL<1 (3.4) 

holds. Then the iterative process constructed in Section 2, converges. 
Indeed in this case inequalities (3.2) and (3.3) guarantee the convergence of sequences 

of points I x,1 and of functions {as, 1 (04 T,< T). Moreover, sequence of functions {us,] 
converges uniformly, since, by definition, limit function is a sum of the following series: 

(3.5) 
n-1 

which, by (3.3), converges uniformly for 04 74 2’. Let us denote the limit of the sequence 
lx,] by n*, Vector x* and function u*(7) satisfy (2.1) and (2.2). This follows from the fact 
that a limiting process is possible in relation (2.6) and from the uniform convergence of tra- 
jectories of the nonlinear system (1.1) originating at so ,and generated by the sequence of 
controls uX n (7) on the interval [O, T]. 
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N o t e. Since the inequality 
max, I u.+(T) I < ~VI II z3 (Xl = const) 

holds for any n, all trajectories of (1.1) taking part in the iterative process remain on the 
sphere 

112 II< Nz 11 q, I! (Nz = const) (3.6) 

Consequently, the requirement that condition (1.2) holds for the points of (3.6) only is 
sufficient for the iterative process to converge, provided (3.4). holds. 

4. We shall assume that in sufficiently small nei 
k 

hborhood of the coordinate origin, non- 
linearity of (1.1) represented by a vector function f z) satisfies an additional condition 

I fj (z)I <D I( zIP+~ (i = l,..., n, D = const) (4.1) 
Following a procedure given in [7] we shall show that the constructed control U+(T) dif- 

fers little from the optimal control of (1.1) in the sense of (1.3). Taking into account (1.2) 
and (4.1), we have 

11~1--oll~~~311~ol~ 1tE (Ns = const) (4.2) 

Let us denote the optimal control of (1,l) by U,,(T) and apply it to the linear system 
(1.4), initial position of which is x0. If x ( T) is the position of the linear system at the 
instant T, then 

II x GY II < N4 II ~0 If’ ’ (N4 = ccnst) (4.3) 
Consider the control 

u (z) = uo (z) + h (t) (4.4) 
where x(7) is the optimal control of (1.4) for the initial position x( 7’). Also, by (1.5). 

max TI h (z) I < YI II 2 (T) II (yl = const) (4.5) 
Since the control (4.4) is admissible for a linear system, we have 

max,l u” (z) 1 - max,l h (z) 1 < max, 111~ (z) I < max, I u* W I (4.6) 
where u*(T) is a control of ihe nonlinear system (l.l), defined by (3.5). 

Inequality (4.6) is written under the assumption that the minimum of (1.3) for systems 
(1.1) and (1.4) is determined by the first component. The argument that follows will be lit- 
tle changed if the value of the functional for the nonlinear system is determined by the sec- 
ond component, since components of (1.3) for the optimal control of a linear system are 
equal to each other. 

From (4.6) together with (3.5). (3.3), (4.2), (4.3), (4.5) and the fact that max 
of the order of llxoll 

(Sol is 
we conclude that the values of maxI uu (T)( and max.1 UT(~)! differ 

from each other by a magnitude of order not less than llx,,ll I -fL . This means that the value 
of (1.3) on the control u. (7) differs from the value of (1.3) on u* (7) by a magnitude of ord- 

Krasovskii for suggesting the problem and for criticism. 
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